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Abstract-In this paper, we present a generalized multigrid method combined with wavelet filters 
for solving ill-conditioned symmetric Toeplitz systems T,,x = b, where T,, E Rnxn is generated by 
nonnegative functions with zeros. First, we propose the construction of general Cohen, Daubechies, 
and Feauveau (CDF) 9/7 biorthogonal wavelet systems, so that a new clsss of compactly supported 
biorthogonal wavelet systems GCDF are achieved with specified vanishing moments for scaling func- 
tions. In order to solve ill-conditioned Toeplitz systems by using the two-grid method (TGM), we 
use the constructed GCDF wavelets to get prolongation and restriction operators. As a result, the 
proposed TGM is proved by numerical experiment to be more efficient than the classic TGM, espe- 
cially when T,, is seriously ill-conditioned. For the vanishing moments being N, experimental tests 
illustrate that the TGM with damped-Jacobi smoother converges when the generating function has 
zeros of order less than or equal to 2N (N 5 8). Besides, we prove in theory that the proposed 
method converges for Toeplitz systems that are generated by functions with zeros of order less than 
or equal to four. @ 2003 Elsevier Ltd. All rights reserved. 
Keywords-Toeplitz systems, Two-grid method (TGM), Wavelet, Damped-Jacobi iteration, Con- 
vergence. 
1. INTRODUCTION 
In this paper, we consider the solution of Toeplitz systems T,x = b by using the two-grid method 
(TGM) in conjunction with wavelets. Here we assume that the entries in T, are constant along 
its diagonals, which are generated by the Fourier coefficients of some function f(0); i.e., the 
(i, /c)~~ element of the matrix T, is given by [Tn]i,k = tli-kl = (1/2n) s-“, f(8)e-jliSkfe CM, i, k = 
0, 1,2, . . . , n - 1 and j = &i. So Tn can also be denoted as T, = Tn(f(B)) and f(0) is called 
the generating function. 
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Since we are interested in the symmetric case, that is to say, the generating function f(0) is 
even, in this case, [T,],,I, is further expressed as 
When the generating function f is continuous and positive, there exist many types of precon- 
ditioners such as chosen in the circular algebra, in the skew-circular algebra, in the r class, in the 
Hartley transform class as were summarized as in [l], and in the W transform class [2], where 
each matrix operations cost O(nlogn) ops and O(logn) parallel steps. It has been proven that 
the preconditioners mentioned in [1,2] result in very high efficient preconditioned conjugate gra- 
dient (PCG) methods in the case f is assumed to be positive and belong to the Wiener class [3]. 
However, the PCG method for Toeplitz systems based on the preconditioners mentioned as above 
generally become ineffective when f has zeros and the related matrix T, will be asymptotically 
ill-conditioned [3]. In order to overcome this serious drawback, several remedial approaches were 
proposed. For example, Serra [4] proposed an improved PCG method for Toeplitz systems by us- 
ing the Sherman-Morrison-Woodbury inversion formula and triangular decomposition of matrix; 
the numerical experiments in the situation that the generating function has zeros of order less 
than or equal to four are also given. Recently, Chan, Yip and Ng [5] and Potts and Steidl [6] in- 
dependently presented new preconditioners via positive kernels that contain generalized Jackson 
polynomials and B-spline kernels. The methods developed in [5,6] are efficient for certain cases of 
ill-conditioned Toeplitz systems. Fiorentino and Serra [7], Sun, Chan and Chang [8], and Chan, 
Chang and Sun [9] present another approach for solving an ill-conditioned Toeplitz system by 
using a two-grid or multigrid method (TGM or MGM). The MGM in [8,9] converges when the 
order of the zeros of the generating function f are less than or equal to two. Since prolongation 
and restriction matrices used in TGM and MGM are usually bandwidth (for example, prolonga- 
tion and restriction operators in [7-91 are all tridiagonal), TGM or MGM methods need fewer 
computations in each iterative step compared with those used in PCG methods. Moreover, as 
we know, the selection of the prolongation and restriction operators is crucial to guarantee the 
convergence of the TGM and MGM. Therefore, in this paper, we consider a novel method for 
solving an ill-conditioned Toeplitz system via TGM and wavelet, where wavelet is used to select 
prolongation and restriction matrices. The use of wavelet is motivated greatly by its multireso- 
lution feature. In fact, it is with multiresolution analysis introduced by Mallat [lo] that the finer 
and coarser scaling function spaces were easily achieved. Based on the multiresolution analysis 
and corresponding wavelets, many excellent filters that extract the high-frequency components 
from signals were also achieved. On the other hand, it is well known that the fine grid smoothing 
and coarse grid corrections exploited by TGM are closely related to low-pass or high-pass filter 
banks [ll]. Therefore, by means of wavelets, in this paper we propose combining TGM and 
wavelets for solving ill-conditioned Toeplitz equations. The experimental results demonstrate 
that the proposed method converges when the generating function has zeros of order less than 
or equal to 2N (N 5 8). From a theoretical viewpoint, we prove that the method based on a 
general CDF 9/7 wavelet converges when the order of zeros are less than or equal to four, which 
is an improvement of the result in [7,8]. 
The rest of the paper is organized as follows. In Section 2, we first review the definition of 
biorthogonal wavelet based on the vanishing moment for a scaling function and wavelet pair. 
Then we propose the conception and construction of general biorthogonal wavelet (contains the 
CDF 9/7 wavelet as a special case) systems called the GCDF wavelet. In Section 3, the TGM 
for solving Toeplitz systems is reviewed first. Based on the essentiality of prolongation and 
restriction operators, we provide a selection of these two operators via biorthogonal wavelets. An 
efficient TGM combined with wavelets for solving ill-conditioned Toeplitz systems is accordingly 
proposed. In Section 4, we analyze the convergence rate of the proposal method. Numerical 
results are given in Section 5 to demonstrate the efficiency of our method when the generating 
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function has zeros of order less than an even number 2N (N I 8). Conclusions of this paper are 
given in Section 6. 
2. A FAMILY OF BIORTHOGONAL WAVELET SYSTEMS 
Let {h(n)} and {g(n)} be the analysis and synthesis low pass filters, respectively, in a two-band 
biorthogonal filter bank. The associated scaling functions cp and @ are defined by the following 
two-scaled equations: 
v(z) = Jzc h(n)cp(2a: - n) and P(z) = dq g(nWs - n), (1) 
n n 
and the associated wavelets $J and 4 are defined as 
T)(Z) = fix (-l)ng(l - n)cp(2z - n) and 4(z) = 43-c (-l)nh(l - n)$3(2z -n). (2) 
n n 
The perfect reconstruction (PR) condition [lo] is given by 
c h(n)g(n - 21) = 6r,o, Vl, (3) 
n 
or equivalently, 
H(z)fi(z) + H(-z)k(-z) = 2, (4 
where H(z) = C, h(n)z+, H(z) = C,g(n)t+, and k(z) denotes the conjugate of e(z). 
H(z) and a(z) are known as the PR filter pair if (4) holds. 
Let the vanishing moments of the scaling functions cp and $3 be N and fi, respectively, i.e., 
where p(z) and p(z) are both polynomials of z-l, equivalently, 
xnPh(n)=\/;i6,,0, forp=O,l,..., N-l, and (5) 
e nPdn) = m,,o, for p = 0, 1, . . . , IV - 1. (6) 
In a compactly supiorted symmetric biorthogonal wavelet system, sequences {h(n)} and {g(n)} 
are both symmetric. That is to say, if the supporting sets of {h(n)} and {g(n)} are [-&,&I 
and [-Ls, Ls], respectively, we have h(n) = h(-n), n = O,l,. . . , L1 and g(n) = g(-n), n = 
O,l,.. . , Lp. Therefore, the filter pair H(z) and B(z) can be further expressed as 
H(z) = h(O) + 2 h(n) (zn + z-“) and i?(z) = g(0) + 2 5 g(n) (z” + z-“) . 
n=l n=l 
To construct biorthogonal wavelet, Cohen, Daubechies and Feauveau [12] developed the fol- 
lowing construction theorem. 
LEMMA 1. (See [121.) Let 
where p(z) and s(z) are both Laurent polynomials about variable 2-l. Then H(z) and l?(z) 
construct a biorthogonal waGelet filter pair, if the following conditions are true: 
(i) normalization condition: H(1) = B(l) = fi; 
(ii) inequalities constraints: s~p~,l,~ Ip( < 2N-1 and SU~~,~,~ I@(z)] < 2’-l; 
(iii) perfect reconstruction (PR): H(z)i?(z) + H(-z)I?(-z) = 2. 
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2.1. General CDF 9/7 Wavelet Systems 
The CDF 9/7 biorthogonal wavelet system is the most used compactly supported wavelet. For 
example, the CDF 917 wavelet was adopted as standard transform coding of the FBI’s fingerprint 
image compression and the currently JPEG-2000’s still picture compression. In the design of the 
CDF 9/7 biorthogonal wavelet, the support sets and vanishing moments are specially chosen as 
L1 = 4, Lz = 3, and N = fi = 4. In order to achieve a general 917 biorthogonal wavelet, we now 
relax restrictions of the vanishing moment of H(z) and R(z). Let N = 2, L1, Lz, and fl remain 
unchanged. So we have 
P(Z) and 1s(z). 
According to the construction theorem and (7)) we consider searching for the exact expressions 
of H(z) and B(z). So we now try to find {h(n)}n=-s,-2 ,,.., 3 and {g(n)}n=-4,-s ,..., 4 satisfying (7) 
and Lemma 1. 
First, using the normalization condition yields 
h(0) + 2 &h(n) = Jz and g(0) + 2 5 g(n) = Jz. (8) 
Tl=l n=l 
Furthermore, from (7) we deduce the followjng derivative property: 
@‘I(-1) = 0, for Ic = 0,l and fi(‘)(-1) = 0, for 1 = 0, 1,2,3, 
where H(“)(z) represents the kth derivative of H(z). Since H(z) = H(z-l) and H(z) = fi(z-l), 
we have 
HW+l)(-1) = fiW+l)(-1) = 0, fork=0,1,2 ,.... 
These two equations can be further simplified into 
h(0) + 2 2 (-l)nh(n) = 0, g(0) + 2 5 (-l)ng(n) = 0, and 2 (-l)“n2g(n) = 0. (9) 
n=l n=l n=l 
Combining (8) and (9), we form the following linear equations: 
g(0) + 2 &g(n) = Jz, g(0) + 2 2 (-lyg(n) = 0, and 2 (-l)“n2g(n) = 0. (10) 
n=l n=l n=l 
Using equations (8)-(10) and lifting factorization proposed by Sweldens [13] produces 
h(0) = 
-2t3 + 9t2 - 7t + 40 
h(-1) = h(1) = 
2t3 - llt2 + 30t - 16 
32t ’ 32t ’ 
h(-2) = h(2) = 7, 
h(-4) = h(4) = 
2t3 - 9t2 + 15t - 8 
64t ’ 
h(-3) = h(3) = 




g(O) = 8’ g(-1) = g(1) = y, 
g(-2) = g(2) = $$ g(-3) = g(3) = G. 
(12) 
BY (11) ad (1% we get an expression of a perfect reconstruction (PR) filter bank with 
vanishing moment property. Since the variable t can be chosen as any real number, the PR filter 
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bank is determined when the variable t is chosen. In this case, H(z) and H(z) are closely related 
to variable t, and hence H(z) and B(z) are denoted by Ht (z) and fit(z), respectively, in the 
following. Then, (7) can also be equivalently expressed as 
1 2 
Ht(z) = h q- ( > 
1 4 
P&> and fit(z) = di q- 
( > 
z%(z). (13) 
It is necessary to point out’thitt Ht(z) and fit(z) here are a PR filter pair satisfying (i) and (ii) 
in Lemma 1. It is not sufficient for them to be wavelet filter banks if choosing t arbitrarily. For 
example, taking t = -1, we can verify that the scale equations (l),(2) are not true. In this 
case, H,(z) and fit(z) are not a wavelet filter pair. In order to construct a general CDF 9/7 
biorthogonal wavelet, we should further verify condition (iii) of Lemma 1. In the following, we 
try to find t, so tliat the following inequalities are satisfied: 
where pt(z) and fit(z) are given by (13). By exploiting MATLAB, we see that (14) is always 
true for any t E [2.1690,2.8105]. Therefore, when t E [2.1690,2.8105], Ht(w) and fit(w) deter- 
mined by (11) and (12), respectively, construct a general CDF (denoted as GCDF for short) 9/7 
biorthogonal wavelet filter pair. 
On the other hand, we know that Lemma 1 only gives a sufficient condition for constructing 
9/7 biorthogonal wavelets. Considering that (1) can be expressed in the frequency region as 
(a,(w) = ‘n” Ht (~)@t(O), 
k=l 
by exploiting MATLAB we further prove that the infinite product IJi=y Ht(~/2~) also converges 
point-wise for any t E [1.7000,2.8104]. Combining intervals [2.1690,2.8105] and [1.7000,2.8104], 
we deduce that Ht(z) and fit(z) are wavelet filter banks when t E [1.7000,2.8105]. 
Summarizing the above discussions, we develop the following wavelet construction theorem for 
the GCDF 9/7 wavelet. 
THEOREM 1. When t E [1.7000,2.8105], the filterpair Ht(z) and&(z) defined by (13) constructs 
9/i’ biorthogonal wavelets systems. 
Since the CDF 917 wavelet is a special case that the parameter t = 2.460284.. . , so, the 
proposed 9/7 biorthogonal wavelet which satisfies Theorem 1 is called a GCDF 9/7 biorthogonal 
wavelet system. 
2.2. The Compactly Supported Biorthogonal Wavelet Systems with Various Vanish- . 
ing Moments 
Performing similar operations as used in Section 2.1, we can develop general compactly sup- 
ported biorthogonal wavelet systems with various vanishing moments. For simplicity, in this 
section we only list several compactly supported biorthogonal wavelet systems that are useful for 
our purpose, 
[ 
2H(z) = 2-l (z-’ + 2 + z) , 2fi(z) = 2-2 (-z-” + 2z-’ + 6 + 22 - z”)] ; 
[ 
3H(z) = 3z-1 + 8 + 6i - z3, ’ ifi(z) = 2-3 (z-” + 10 + 8z - 3z2)] ; 
[ 
4H(z) = -3~-~ - 2~-~ + 19z-’ + 36 + 19z - 2z2 - 3z3, 
q(z) = 2-5 (z-4 - 8~-~ + 162-l + 46 + 16z - 8z2 + z”,] ; 
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5H(z)=2-7(-5z-3+60z-1 +128+9Oz - 20z3 +3z5), 
lITi( 2-7(-3z-4+20z-z +166+128z - 60z2 +52")]; 
L 6H(%)= 3.c5 - 25~-~ +150z-1+256+150~-25z3 +3z5, 
2Il(%)= 2-9(- 3.@ +22~-~ -125~-~ +256z-l+724+256z+ - 
[ ‘H(z)= O.O0361781z-7 -0.00499602.z-6 -O.O231227Oz-' +0.08546271z-4+0.02157517z-3 
- 0.20521449Y2 + 0.24792973z-1 + 0.74949560 +. . , 
2fi(z) = 0.002100002-6 + 0.02900000~-5 - 0.02489375z-4 
- O.O6545OOOz-3 +0.02967500z-2+0.31255000z-1+0.48623750+ . . . 1 ; 
where [NH(z),fifi(~)] d eno es t a biorthogonal wavelet filter pair with vanishing moments N 
and fi, respectively. For 2H(z), 3H(z), ‘H(Z), and 6H(~), see [13]; 4H(~) is the GCDF 9/7 
biorthogonal wavelet filter in the case where parameter t = 5/2; ‘H(Z) and 2fi(~) form a new 
biorthogonal wavelet filter pair with vanishing moments eight and two, respectively. 
3. TWO-GRID METHOD 
3.1. The Definition of the Two-Grid Method 
In this section, we first review the two-grid method (TGM) for Toeplitz systems briefly, which 
was introduced by Fiorentino and Serra in [7], and used by Chan, Sun and Chang in [8] or by 
Chan, Chang and Sun in [9]. 
Consider linear equations T,,x = b, where T, : Rn H Rn is a symmetric positive definite linear 
Toeplitz operator over R” with generating function f(e), and b E R” is any given constant vector. 
The smoother E is defined as x j+’ = G(xj, b) = Gxj + Jb, where xj is the given jth iteration 
and G denotes the smoothing iteration matrix. Especially, when the Jacobi iteration is chosen 
to be smooth, we have G = I - D-IT, and J = D-lb, where D = toI (I represents the unit 
matrix of order n). Denote Tl as the 1 th level coefficient matrix. Assuming E, P, PT, and Tl-.i 
are smoother, the prolongation and restriction operators, and the coarse-grid coefficient matrix, 
respectively, xi is any given iteration, then we can describe TGM for solving Toeplitz systems 
!ljx = bl as follows 191. 
TGM (P,Q,vz). 
(i) Presmoothing: 3: = 0”’ (xi, bl). 
(ii) Coarser grid correction: 
(iii) Postsmoothing: xi+l = G”‘(Z{, bl). 
The symbol Q” denotes the v-fold application of the smoothing iteration E. 
As a result, the global iteration matrix of TGM is 
hfl = G”= [I - P (PTTP)-’ P’T] G”‘. (15) 
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3.2. The Selection of Prolongation and Restriction Operators via Wavelet 
Obviously, the prolongation operator is crucial after choosing the smoothing iteration 9. 




‘1 2 1 -T 
1 2 1 
*. or 
1 2 1 
1 2 1 
‘-1 2 -1 -T 
-1 2 -1 
. . 
-1 2 -1 
-1 2 -1 
We easily see that the above prolongation operators can be achieved by the scaled coefficients 
{1,2,1} of filter 2H(z) or the scaled coefficients {-1,2, -1) of its high-pass dual filter. Note that 
the order of vanishing moment of the 5/3 wavelet filter 2H(z) is only two. On the other hand, 
excellent filters that extract the high-frequency components from signals depend closely on the 
higher order vanishing moments of wavelet. Therefore, in the following we use a more excellent 
wavelet for constructing prolongation and restriction operators. Let 
P = P(PM) = 
Pl P2 ... PM 
. . ( 16) 
where PM = {pk}k=r,z,...,M is the scaled coefficient of scale function filter NH(~) or the scaled 
coefficients of its dual high-pass wavelet filter (see [12-141 for more details about the high-pass 
wavelet filter). 
4. CONVERGENCE OF TGM 
Now we consider the convergence of TGM for the Toeplitz system. 
First, we introduce some notations that are useful for our proof. If A and B are both positive 
symmetric matrices, and A - B is also positive, then we say A > B. A 2 B, A < B, and A 5 B 
are defined analogously. Supposing matrix A > 0, we define 
(u, 40 = (diag(A)u, 4, (u, V)Z = (diag(A)-lAu, Aw) , 
where u, v are real vectors with dimension n, (., .) is the Euclid inner product. Then we can 
define the norm ]( . ]]i, for i = 0, 1,2. 
LEMMA 2. (See [91.) Suppose Al > 0. Then for a damped Jacobi iteration matrix G = I - 
w(diag(Al))-IAl, we have 
IIGell~ I ll4l~ - 4lellk ‘de E R”, (17) 
where the constant w satisfies l/w = p(diag(Al)-lAl). 
Especially, we set vi = 0 to simplify the description; i.e., Ml = G”z [I - P(PTTP)-1 PTT]. 
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LEMMA 3. (See [8,9].) A ssume Al > 0 and the parameter w is chosen so that the smoothing 
operator D satisfies the smoothing condition (17). If the prolongation operator P has full rank 
and there exisis a constant 6 > 0 such that 
then /3 > w, and the iteration matrix Ml satisfies ]] Ml/l1 5 Jm. 
Based on Lemma 3, we conclude the following result about the convergence of TGM is true. 
PROPOSITION 1. TGM is convergent provided that inequality (19) holds. 
PROOF. From Lemma 3 we know that the iterative matrix Ml for TGM satisfies llMl111 5 
dm. So, for the spectral radius p(Ml) 5 llMl[I < 1, this results in the TGM for solving 
equations Ap = bl converging. 
From Proposition 1, when the parameter w is properly chosen, the TGM will be convergent 
provided that inequality in (18) holds. So, in the following we try to show that (18) is true with P 
constructed by the scaled coefficients of GCDF 9/7 biorthogonal wavelet systems. Since function 
2( 1 - cos 13)~ = 3 - 4 cos 6 + cos 26 has a root of multiple 4 at 8 = 0, and in this paper we also 
assume the generating function f(6) has zero of order less than or equal to 4, therefore, we let 
f(e) 
p = eG~&l 1 - (413) c0s e + (i/3) c0s 28 > O. (19) 
Based on the assumption given by (19), we conclude the following theorem is true. 
THEOREM 2. Assume the generating function f(6) of Toeplitz matrix Al = Tn(f(6)) satis- 
fies (19), the prolongation operator P is given by (16) in which {pk} is determined by the 
coefficients of the GCDF 9/7 biorthogonal wavelet filter fit(z) with M = 7, and P has full rank. 
Then there exists constant fl > 0 independent of the size of equations n such that (18) holds. As 
a deduction, from Lemma 3, the TGM for solving Ala: = bl converges. 
PROOF. For P to have full rank, we assume nl = 2nl-i + 5 such that the coarser level Al-1 is 
also a Toeplitz system. We set real vectors 
e1 = {el, e2,. . . , e,,} E Rn’, e’-’ = {&,E~, . . . , Ebb} E Rnl-l, where pi = esi+z. 
Considering the symmetric character of CDF 9/7 wavelet filters, we choose the coefficient 
of R(z) whose vanishing moment is four to construct the prolongation and restriction operators; 
i.e., we have the following expression after normalization: 
4 = {hl,hz,h3,h4,h5,h6,h7) = ~{,(3),,(2),g(i),~(o),9(i),9(2),9(3)}, 
where {g(n)}n=s,i,z,s is chosen as (11). Then, h 1 = h, = -t/(2(% + 3)), h2 = h6 = (1 - 
2t)/(2(2t + 3)), h4 = 1, h3 = (t + 4)/(2(2t + 3)), and the parameter t satisfies t E [1.7000,2.8105]. 
In order to express explicitly, let ei = 0 (i < 1 or i > nl), 4 = 0 (i < 1 or i > nl-1). Then we 
have 
[let - Pe’-llli 
m-1 
= ao c {[e2i-1 - (h7G3 + h5E+2 + h3gjS1 + hIq12 
i=l 
+ [ezi - (h@-2 + h&i-l + h2&)12) 
(20) 
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m-1 
= ao c {efi-l + hf (e&+2 -F e$i-4) + hi (e&+2 + e&-2) -t- hi (efi + e&--2) 
i=l 
+ 2h:ezi+seQi--4 + 2h:ezi+zezi-z 
+ 2hlhde2ie2+4 + e2i+zezi-2) - 2hl(er+lezi+z + e2i--le2i-4) + 2hie2+2e2i 
+ ‘&hi(eziezi+z + m-es-2 > - 2hde2i-le2i + e2i-.le2i-2)) 
m-1 
I ao c { (1 + k21hll) ekl + (3hf + 2km2(hll) (e&+2 + ezib4) + 2hi (e&+2 + eiie2) 
i=l 
+ 2hi (eEi + et-,) + 2hieziezi-2 + 2hlh3(eziezi+z + e2i-4e2+2) 
- %.(e2i-le2~ + a-la-z)} 
(20) (cont.) 
711-l 
I ao c (1 + k2 jhlj) eLmI + 12 - 4 3hT + 2km2 (hll + Th: 
> 
(e&+2 + ezi-4) 
i==l 
+ 2 + I2 - ml + I2 - nl - - 
2 2 > 
hg (e$ + et-,) 
+ 2hi (e&+2 + eiie2) + rnhie2+2e2i + nhlhs (ez+zez + e2i-2es-4) 
- %(ezi-lez; + m--2es1) , 
> 
where m, k are parameters to be determined, and n = m/2 - 2 + (2m - 3)/t. 
Here we choose m = 2.4, k = 2.2 especially; then n = 1.8/t - 0.8, and 
l/e’ - Pe’-lII~ 
500~{(l+~)e:i-‘+8(3:2t)2 [6tZ+t212.8-~I+661157(1.5+t)2~] 
x (4i+2 + G-4 >+ 
(4 + q2 
4(3 + 2t)2 
(,.2+~l2.8-~l) (ezi+eXim2) 
+ ,-j~~~$ (e&+2 + e$i-2) + Oi:t it;?’ e2i-2e2i 
+ (0.8t - 1.8)(4 + t) 
4(3 + 2t)2 (e2i+2e2i + e2i-2e2i-4) - s(e2i-le2i + e2i-2e2i-l)} 
et + e&-l + 
2(4 + t) 
e2i-2e2i + 
(0.8t - 1.8) 
5(3 + 2t) 6(3 + 2t) (e2i+2e2i + e2i-..2e2i-4) 
- i(e2i--le2i + ezi-2e2i-1)) 
A Cc20 5 {e: - $t?i-lei + ieim2ei} 
i=l 
= Ca0 (e’,T, ( l-$cos8++cos28 e’ , 
>> 
where C = 3(t + 4)/(2(2t + 3)) > 0, Vt E [1.7000,2.8105]. 
Let ~1 be given by (19). Then we get 
pT,, 1 - $ cos0 + 5 cos2tJ 
> 
I Tn(f(fI)) = AZ. 
Furthermore, setting p A cao//~, then we have ,B > 0 and 
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Now we have proved that Ve’ E R”‘, 3 el-’ E R”l-1, s.t., there exists constant ,L? > 0 indepen- 
dent of the size of equations n satisfying lie’ - Pe’-‘IIg 5 Plle’lll. It is obvious that Ve’ E Rnl, 
min,~-leRnl-l Ile’-Pe’-lIlg < /3ile’llT holds. Fr om Proposition 1, we have proved that Theorem 2 
is true. 
From Theorem 2, we now get the convergence of TGM based on a wavelet for Toeplitz systems 
whose generating function has zeros of order less than or equal to four. 
5. NUMERICAL RESULTS 
This section provides some numerical results of the proposed method. The solution of ill- 
conditioned symmetric Toeplitz systems Alx = bl are considered in this section that the gener- 
ating function f(0) of A 1 is chosen as a classical class of functions with zeros 
fl(19) = 8” or f,(e) = (6 - 4cos6’- 2cos20)(1 - cosO)“‘2-2. (21) 
Considering the coarse grid equation Tl-rvl-r = dl-r is of the same form of the original 
equation Ala: = bl, TGM is used recursively in the coarser grid to avoid the exact solution of 
coarse grid equations. This extension of TGM in practice is called the multigrid method (MGM). 
In order to verify our results, in the experiments we use MGM of V-cycle [ll, p. 331 and the 
wavelet systems: 2H(z), 3H(z), 4H(z), ‘H(z), 6H(z), and ‘H(Z) where z = e-;“, NH(z) is the 
scale function filters with vanishing moments N. Furthermore, the iteration on the coarser grid 
does not end until the order of the coarser matrix is less than or equal to five. The coarsest 
equations were solved exactly by direct ways. The index Error is used to express the precision of 
iteration which is defined as Error = IlAxj - bl12/llAz” - bJ( 2, where xj denotes the approximated 
solution after the jth step iteration. 
Tables 1-4 enumerate the number of V-cycle iteration steps until Error 5 10e4 and 
Error 5 10e7, respectively. ** represents that we cannot get the Error limit after 500 steps 
iterations. The index deep is the depth of grids, and n is the order of the equations. 
Table 1. R = 211 - A4 + 2, deep = 6 (Error 2 10P4). The number of iterations using 




I I I I I I I I 
2 4 4 7 8 19 29 28 
3H(z) PI 3 I 8 1 8 1 13 1 14 1 15 1 18 
4H(Z) 131 3 I 7 I 8 1 13 1 12 1 16 1 17 . 
5HW 2 5 10 12 13 12 12 12 
6H(z) PI 5 I 9 1 10 I 13 I 11 I 10 I 10 
*H(z) 3 6 12 11 14 11 10 9 
In Tables 1-4, m denotes the order of zeros of the generation functions, and M denotes the 
length of wavelet filters used in the method. 
From Tables l-4, we see the number of iterations required by the proposed method is closely 
related to the vanishing moments of biorthogonal wavelet systems. When the vanishing moments 
is N, the proposed method always converges for ill-conditioned Toeplitz systems whose generating 
function has zeros of order less than or equal to 2N. 
6. CONCLUSION 
By constructing a class of compactly supported biorthogonal wavelet systems with vanishing 
moments for scaling function and wavelet pair, and then jointly using biorthogonal wavelet and 
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Table 2. n = 2l’ - M + 2, deep = 6 (Error 5 10m4). The number of iterations using 
the proposed method. 
Table 3. n = 21° - M + 2, deep = 4 (Error 5 10e7). The number of iterations using 
the proposed method. 
6H(t) 8 15 25 59 89 70 120 ** 
8H.(z) 8 15 20 44 60 55 90 280 
Table 4. n = 21° - M + 2, deep = 4 (Error 5 10W7). The number of iterations using 
the proposed method. 
‘H(z) 6 11 1 20 45 50 100 150 
TGM, we propose a novel algorithm for solving ill-conditioned Toeplitz systems. The experi- 
mental results show that the proposed method converges when the generating function has zeros 
of order 2N, if the vanishing moments of wavelet systems are of order N. However, we cannot 
prove this result strictly from the viewpoint of theory. In this paper, we have proved the proposed 
method converges for 917 biorthogonal wavelet systems in the case where the generating function 
has zeros of order four or less. Therefore, complete theoretic proof of the convergence may still 
be an interesting problem to solve. 
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